(1)
It follows from (1) that with Similarly, (2) gives with and Several papers obtain useful results on congruences of Stirling numbers, Bernoulli numbers and Euler numbers (see Chan and Manna 2010; Lengyel 2009; Sun 2005; Zhao et al. 2014) . But only a few of congruences on central factorial numbers for odd prime moduli which can be found in (Riordan 1968, p. 236) . For example, let t n (x) = n k=0 t(n, k)x k , then
Conclusions
In the present paper we prove some other interesting congruences for central factorial numbers. In "Congruences for T (ap m−1 (p − 1) + r, k) modulo powers of prime p" section, some congruence relations for T (ap m−1 (p − 1) + r, k) modulo powers of prime p are established. For a is odd, m, k ∈ N and k ≤ 2 m−1 a, we prove that For p is odd prime, m, a, k ∈ N, r ∈ N 0 , k ≤ p − 1 and r < p m−1 (p − 1), in "Congruences for T (ap m−1 (p − 1) + r, k) modulo powers of prime p" section we also show that
and In "Congruences for t(2ap m , 2k) and T (2n, 2ap m ) modulo powers of p" section, congruences on t(2ap m , 2k) and T (2n, 2ap m ) modulo powers of p are derived. Moreover, the following results are obtained: (1) for a, k, m ∈ N, b ∈ N 0 and 2 m−1 a ≤ k ≤ 2 m a, we prove a congruence for t(2 m+1 a + 2b, 2k) (mod 2 m ); (2) for a, n, m ∈ N, b ∈ N 0 and n ≥ 2 m a , we prove a congruence for T (2n, 2 m+1 a + 2b) (mod 2 m ); (3) for p is a odd prime number and a, k, m ∈ N, b ∈ N 0 , we deduce a congruence for t(2ap m + 2b, 2k) (mod p m ) ; (4) for p is a odd prime number, a, n, m ∈ N, b ∈ N 0 , we deduce a congruence for T (2n, 2ap m + 2b) (mod p m ). Then by (7), if k ≡ 0 (mod 4), we yield
Congruences for T(ap
This completes the proof of Theorem 1.
Remark By Theorem 1 and (5), we readily get
Proof By Euler's Theorem and Fermat's Little Theorem, we get
is the greatest common factor of a and p. Then by (7) and noting that (k − 2i, p) = 1, we get Observe that (k!, p) = 1. Hence, The proof of (12) is complete. If r = 0, then k is even. Therefore, The proof of (13) is complete. This completes the proof of Theorem 2. As a direct consequence of Theorem 2, we have the following corollary.
Corollary 3 For p is odd prime, a, k ∈ N and r ∈ N 0 , we have
Proof By setting m = 1 in (12) and using (5), we have
The proof of (14) is complete. Setting m = 1 and k = p − 1 in (12), we can readily get Setting m = 1 and k = p − 1 in (13), and noting that (−1) j p−1
The proof of (15) is complete. If m = 1 and a = r in (12), then Taking r = 1, 2 in (18) and using (5), we immediately get (16) and (17). This completes the proof of Corollary 3.
Congruences for t(2ap m , 2k) and T(2n, 2ap m ) modulo powers of p
To establish the main results in this section, we need to introduce the following lemmas.
Lemma 4 If m ∈ N, then
Proof We prove this lemma by induction on m. We see that (19) is true for m = 1. Assume that it is true for m = 1, 2, . . . , j − 1. Then
For any polynomials
, so we obtain the desired result. That is,
The proof of (19) is complete. Similarly, we can prove (20) as follows.
This completes the proof of Lemma 4. Similarly, we can get the following results.
Lemma 5 If m ∈ N, then
We are now ready to state the following theorems.
Theorem 6 Let a, b, k, m ∈ N and 2 m−1 a ≤ k ≤ 2 m a , then
Proof By (4) and Lemma 5, we find that
Thus
This completes the proof of (23). For (24), we can prove this as follows.
This completes the proof of Theorem 6.
Theorem 7 Let a, b, n, m ∈ N and n ≥ 2 m a, then
Proof By (6) and Lemma 4, we have
This completes the proof of (25). For (26), we can prove this as follows.
This completes the proof of Theorem 7.
Remark Taking a = 1 and n = 2 m + 1, 2 m + 2 in (25), we readily get
Lemma 8 
(27)
+ terms involving powers of p 2m and higher � .
Similarly, we get the following results.
Lemma 9 If p is a odd prime number and m ∈ N, then
Theorem 10 Let p is a odd prime number and a, b, k, m ∈ N, then where 2k ≡ 2ap m−1 (mod p − 1).
Proof By (4) and Lemma 9, we find that Thus where 2k ≡ 2ap m−1 (mod p − 1). This completes the proof of (29). By (4) we get 
